A conjecture was related to this author in correspondence, some years ago, with Irving Kaplansky, which according to Professor Kaplansky, was inspired by the proof of [4, Theorem 6.5.9, p. 348]. It asserts that if p is a prime with representation p = a 2 + (2b) 2 , then the equation x 2 − py 2 = a is solvable in integers x, y. In [5], we proved this conjecture along with several others by him. Subsequently, Walsh in [6], gave a slight extension of the above proof: if n ≡ 1 (mod 4) is a nonsquare integer with representation n = a 2 + (2b) 2 for integers a and b, and if X 2 − nY 2 = −1 has solutions in integers X, Y , then n has a factorization n = rs such that the equation ru 2 − sv 2 = a is solvable in integers u, v. It is the purpose of this work to generalize the latter to a much wider range of cases as given in Theorem 1.1 below. We illustrate with several examples to show the wide applicability of the result.
Generalized Conjecture of Kaplansky
In [1] , Feit noted that the aforementioned conjecture of Kaplansky is actually implicit in work of Gauss [2, Section 265, , and work of Legendre [3, pp. 70-71] . However, it does not seem to have been explicitly proven before the work in [1] , [5] , and [6] . The following result has no analogue in the literature.
The following generalizes [6] which in turn generalized [5] . 
If g does not divide c, then there must exist a prime p such that p 2j divides g for some j ∈ N so that p 2j divides c 2 but p j does not divide c. Hence, by Equation (1.4), we must have that gcd(c, a) > 1 contradicting the hypothesis. Therefore, g | c. Thus by Equation (1.4),
(1.5)
Now we consider three cases that depend upon the relative parities of n and c.
Case 1.1 c is even and n is odd.
Since n is a sum of two squares then it follows that n ≡ 1 (mod 4), so b is even in Equation (1.3). Also, it follows from congruence conditions modulo 4 that T, U are both odd. Hence u, v are both odd. Since gcd(u/g, v/g) = 1, then by Equation (1.5), there exist r, s ∈ N such that n = rs, and
In the event that the minus sign holds, we invoke a solution
Case 1.2 c is odd and n is even.
In this case, n ≡ 2 (mod 4) since n is a sum of two squares, so a, b are both odd. Thus,
contradiction, so U and T are both odd. Therefore, u = bT + Un is odd and v = bU + T is even. Since gcd(u/g, v/g) = 1, there exist r, s ∈ N such that n = rs, and In this case, n ≡ 1 (mod 4) since it is a sum of two squares. Again by congruence conditions modulo 4, T is even and U is odd. Therefore, b is even in Equation (1.3) so we must have that u/g is odd and v/g is even. Therefore, there exist v 1 , v 2 ∈ N such that 2v 1 v 2 = v/g and by Equation (1.5), there exist r, s ∈ N such that n = rs, and v 1 , v 2 ∈ N such that v/g = 2v 1 v 2 with 
The following is immediate from the above, since when a prime p is a sum of two squares, then Equation (1.1) is necessarily solvable.
Corollary 1.1 (Mollin [5])
If p is a prime with representation p = a 2 + (2b) 2 , then the equation
The following is immediate from Theorem 1.1 since it is the case where c = 1 = σ.
Corollary 1.2 (Walsh [6])
If n ≡ 1 (mod 4) is a nonsquare integer with representation n = a 2 + (2b) The following is an illustration of Case 1.1 in the proof of Theorem 1.1.
and
we have that if r = 5 and s = 29, then which is how we get Equation (1.14).
